Higgs production in bottom-quark fusion to third order in the strong
  coupling by Duhr, Claude et al.
CERN-TH-2019-052, CP3-19-19, MIT-CTP/5115, SLAC-PUB-17425
Higgs production in bottom-quark fusion to third order in the strong coupling
Claude Duhr,1, 2 Falko Dulat,3 and Bernhard Mistlberger4
1Theoretical Physics Department, CERN, CH-1211 Geneva 23, Switzerland.
2centre for Cosmology, Particle Physics and Phenomenology (CP3),
UCLouvain, Chemin du Cyclotron 2, 1348 Louvain-La-Neuve, Belgium.
3SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94039, USA.
4centre for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA.
We present the inclusive cross section at next-to-next-to-next-to-leading order (N3LO) in pertur-
bative QCD for the production of a Higgs boson via bottom-quark fusion. We employ the five-flavour
scheme, treating the bottom quark as a massless parton while retaining a non-vanishing Yukawa
coupling to the Higgs boson. We find that the dependence of the hadronic cross section on the
renormalisation and factorisation scales is substantially reduced. For judicious choices of the scales
the perturbative expansion of the cross section shows a convergent behaviour. We present results
for the N3LO cross section at various collider energies. In comparison to the cross section obtained
from the Santander-matching of the four and five-flavour schemes we predict a slightly higher cross
section, though the two predictions are consistent within theoretical uncertainties.
With the discovery of the Higgs boson by the experi-
ments at the Large Hadron Collider (LHC) at CERN [1,
2] particle physics has entered a new era. The last missing
degree of freedom of the Standard Model (SM) of particle
physics has been established, making the SM a fully pre-
dictive theory without any free parameters. For the first
time we can now directly measure the properties of a fun-
damental scalar boson. The remarkable performance of
the LHC during Run II brings the Yukawa interactions
- the interaction among fundamental fermions and the
Higgs boson - within reach of being probed by the exper-
iments. Clearly, exploring the Higgs sector and testing
our understanding of the fundamental interactions of na-
ture is one of the main tasks for the LHC.
Since in the SM the coupling strength of the Higgs
boson to fermions is proportional to the fermion mass,
prospects for coupling measurements are most promising
for third-generation matter, i.e., bottom and top quarks
and τ leptons. Several models of new physics, including
the Minimal Supersymmetric Standard Model, predict
enhanced couplings of the Higgs boson to bottom quarks.
Consequently, studying the Yukawa coupling to bottom
quarks is particularly interesting. Even though the de-
cay of a Higgs boson into bottom quarks benefits from
a large branching fraction, it is overwhelmed by QCD
background and thus challenging to observe [3, 4]. A vi-
able alternative consists in probing the couplings of the
Higgs boson to bottom quarks via the production of a
Higgs through fusion of a bb¯ pair.
There exist two formally equivalent descriptions of
the cross section for the production of a Higgs bo-
son from the fusion of bottom quarks. In the four-
flavour scheme (4FS), the bottom quark is treated as
a massive quark, which decouples from the evolution
of the strong coupling constant and the parton density
functions (PDFs) described by the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equation. At leading
order (LO) in perturbative QCD in the 4FS bottom
quarks are produced from gluon splitting. Since the bot-
tom quarks are treated as massive, the gluon splitting
is free of collinear divergences, but produces logarithms
logm2b/Q
2 at every order in perturbation theory, where
Q is a characteristic scale of the hard process. These
logarithms may become large, thereby spoiling the con-
vergence of the perturbative series and requiring resum-
mation. In the five-flavour-scheme (5FS), instead, the
bottom quark is treated as a massless parton and is in-
cluded in the evolution of the strong coupling and the
PDFs. The collinear logarithms are then de facto re-
summed into the PDF evolution, thereby avoiding the
appearance of large logarithms order-by-order in pertur-
bation theory. On the other hand, the inclusive cross
section in the 5FS neglects power-suppressed terms of or-
der m2b/Q
2, which are automatically included in the 4FS
where all mass effects are taken into account. While both
schemes are formally equivalent non-perturbatively, the
truncation of the perturbative series is necessary for prac-
tical calculations and introduces a scheme dependence of
the cross section.
Tab. I displays representative Feynman diagrams con-
tributing in the 4FS and 5FS respectively. At LO, the
5FS is described by a two-to-one process. The simple
structure of the LO process makes it possible to compute
the inclusive cross section to high orders in perturba-
tion theory, and both next-to-leading order (NLO) [5, 6]
and next-to-next-to-leading order (NNLO) [7] results are
available. Computations in the 4FS are technically more
involved, due to the higher parton multiplicity and the
fact that the mass of the bottom quark is treated exactly.
Currently the inclusive cross section in the 4FS is only
available through NLO [8–10].
It is known that perturbative results may differ sub-
stantially between both schemes, and various methods
have been proposed to combine the 4FS and 5FS into
a single prediction [11–15]. A direct comparison of the
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4FS – – LO NLO
5FS LO NLO NNLO N3LO
Partonic channels (5FS) bb¯ bb¯, bg bb¯, bg, bb, bq, bq¯, gg, qq¯ bb¯, bg, bb, bq, bq¯, gg, qq¯, qg
TABLE I Representative diagrams contributing at different orders in perturbation theory in the 4FS and 5FS.
The last line summarises the partonic channels in the 5FS. Channels related by charge conjugation are not shown
explicitly and q denotes a light quark that does not couple directly to the Higgs boson. The partonic channels in the
4FS are obtained by ignoring initial states involving a bottom quark.
NLO and NNLO results in the 4FS and 5FS respec-
tively is, however, not straightforward, because they cor-
respond to different orders in the perturbative expansion
in the strong coupling constant (see Tab. I). A consistent
comparison with the 4FS at NLO requires the knowledge
of the inclusive cross section in the 5FS at next-to-next-
to-next-to-leading order (N3LO) in the strong coupling.
In this paper we present for the first time the complete
result for the inclusive cross section for Higgs production
in bottom-quark fusion at N3LO in the 5FS and investi-
gate its phenomenological implications.
THE N3LO CROSS SECTION IN THE 5FS
The inclusive hadronic cross section for the production
of a Higgs boson can be written as
σ=
∑
i,j
∫ 1
0
dx1 dx2 fi(x1, µf )fj(x2, µf )σˆij(z, µr, µf ) , (1)
where the sum runs over all parton flavours, fi are par-
ton densities and σˆij are partonic cross sections. The
partonic cross sections depend on the ratio z = m2H/s,
where
√
s is the partonic centre-of-mass energy, related
to the hadronic centre-of-mass energy
√
S by s = x1x2S
through the two Bjorken momentum fractions x1,2. µr
and µf denote the renormalisation and factorisation
scales respectively. We work in the 5FS with five mass-
less quark flavours. We assume that the Higgs boson
has a non-zero Yukawa coupling yb to the bottom quark,
and we neglect couplings of the Higgs boson to all other
quark flavours. This implies that we focus on terms in
the cross section proportional to y2b . The partonic cross
sections σˆij are expanded through N
3LO in the strong
coupling αs. The complete set of initial state configura-
tions that contribute to the cross section through N3LO
are shown in Tab. I. The NLO and NNLO corrections to
the cross section have been computed in Refs. [5–7]. In
the remainder of this paper we present for the first time
N3LO corrections.
In order to compute the partonic cross sections at
N3LO, we follow the same steps that have been employed
in the computation of the N3LO corrections to Higgs pro-
duction in gluon fusion in Refs. [16–18]. We have gener-
ated all relevant Feynman diagrams with QGraf [19]. In-
dividual Feynamn diagrams are sorted into scalar integral
topologies, which are then reduced to a set of master inte-
grals via integration-by-parts identities [20, 21] using an
in-house code. Finally, the master integrals are computed
analytically using the differential equations method [22–
26]. All the relevant master integrals are known ana-
lytically as a function of z and have been evaluated in
the context of the N3LO corrections to the gluon-fusion
cross section. In particular at N3LO three-loop correc-
tions to the Born process contribute, which have been
computed for the first time in Ref. [27] using the mas-
ter integrals computed in Refs. [28–34] and the results
of Ref. [27] agree with our computation. In addition,
the N3LO cross section receives contributions from par-
tonic subprocesses involving fewer loops but additional
real emissions in the final state. Single-real emission con-
tributions from two-loop and squared one-loop diagrams
have been considered in Ref. [35–40]. The master inte-
grals for double-real virtual and triple-real contributions
have been computed in Refs. [16, 41–45] as an expansion
around the production threshold of the Higgs boson and
exactly as a function of z in Ref. [18]. Here we work
exclusively with the master integrals of Ref. [18].
Contributions from different initial states and/or par-
ton multiplicities are individually ultraviolet (UV) and
infrared (IR) divergent. We regulate the divergences by
working in dimensional regularisation in D = 4 − 2
dimensions. UV divergences can be cancelled by re-
placing both the bare strong and Yukawa couplings by
their renormalised values in the MS-scheme. The UV-
counterterm for the strong coupling constant has been de-
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FIG. 1 Variation of the hadronic cross section with the
hadronic centre-of-mass energy. The upper figure shows
nominal values, in the lower figure all predictions are nor-
malised to the central value of the N3LO prediction. LO,
NLO, NNLO and N3LO corrections are shown in green,
yellow, blue and red respectively. The bands correspond
to scale variation uncertainties as described in the text.
termined through five loops in Refs. [46–50]. The renor-
malisation constant for the Yukawa coupling is identical
to the quark mass renormalisation constant of QCD in
the MS-scheme [7, 48, 51–53]. IR divergences are ab-
sorbed into the definition of the PDFs using mass factori-
sation at N3LO [54–56]. The mass factorisation involves
convoluting lower-order partonic cross sections with the
three-loop splitting functions of Refs. [57–59]. We have
computed all the convolutions analytically in z space us-
ing the PolyLogTools package [60]. We observe that
all divergences cancel after UV renormalisation and mass
factorisation. We emphasise that this is not only a strong
cross check of our result, but, together with the results of
Ref. [16] for gluon-initiated processes, this is the first time
that the complete set of three-loop splitting functions of
Refs. [57, 58] has been confirmed by an independent an-
alytic computation. Moreover, this is the first time that
the universality of QCD factorisation has been confirmed
for hadron collisions for all partonic initial states.
The analytic cancellation of all ultraviolet and infrared
singularities provides a strong check of our results. In ad-
dition, we have reproduced the soft-virtual N3LO cross
section of Ref. [61] and the physical kernel constraints
of Ref. [62–64] for the next-to-soft term of the bottom-
quark-initiated cross section. We have also checked that
all logarithmic terms in the renormalisation and factori-
sation scales produced from the cancellation of the UV
and IR poles satisfy the DGLAP evolution equation. Fi-
nally, we have also recomputed the NLO and NNLO cross
sections, and we have checked that through NNLO our
results are in perfect agreement with the literature results
implemented in the code Sushi [65].
BOTTOM-QUARK FUSION AT N3LO IN QCD
In this section we present our phenomenological re-
sults for inclusive cross section for bottom-quark fusion
at N3LO in QCD. We assume a Higgs mass of mH =
125.09 GeV. The strong coupling is αs(m
2
Z) = 0.118 and
is evolved to the renormalisation scale µr using the four-
loop QCD beta function in the MS-scheme assuming five
massless quark flavours. The Yukawa coupling between
the Higgs boson and the bottom quark is proportional to
the bottom-quark mass in the MS-scheme, and we evolve
it from mb(mb) = 4.18 GeV [66] to the same renormali-
sation scale µr using four-loop running [53].
Fig. 1 shows the inclusive cross section at a proton-
proton collider as a function of the hadronic centre-of-
mass energy. The predictions are obtained by convolut-
ing the partonic cross sections with the PDF4LHC15
NNLO PDFs in the 5FS [67]1 as in eq. (1). The cen-
tral value corresponds to the choice of the renormali-
sation and factorisation scales (µr, µf ) = (mH ,mH/4).
The band is obtained by varying µr and µf indepen-
dently within the intervals µr ∈ [mh, 2mh] and µf ∈
[mh/8,mh/2] with the restriction that 1/2 ≤ 4µf/µr ≤
2. We observe that cross section predictions based on
successive perturbative orders are contained within the
bands of the lower order predictions over a wide range
of hadronic centre of mass energies. The dependence
on the renormalisation and factorisation scales of the
hadronic cross section is reduced as the perturbative or-
der is increased. We therefore believe that the residual
scale dependence provides a reliable estimate of the miss-
ing higher orders beyond N3LO. Let us comment on our
choice for the relatively small value of the factorisation
scale µf . This choice is motivated by the presence of a
small scale mb in the problem and is consistent with pre-
vious choices in the literature [7, 65, 69, 70]. We observe
that for higher values of µf , the convergence behaviour
of the cross section with the perturbative order deteri-
orates. In particular, if we choose µf = µr = mH , the
scale variation bands at NNLO and N3LO do not over-
lap. We therefore conclude that such higher choices of
1 It was pointed out in Ref. [12] that multiple different values for
the bottom quark mass were used in the construction of the
PDF4LHC15 sets and an alternative PDF was derived. We find
that this introduces an O(1%) shift on the central value of our
cross section and therefore choose to use the official PDF4LHC15
sets of Ref. [67] in our predictions for generality. For further
discussion we refer to Ref. [68].
4the factorisation scale lead to worse convergence of the
cross section, and they should therefore be discarded.
Tab. II presents results for the inclusive cross section
for a proton-collider for various hadronic centre-of-mass
energies, and we show the main uncertainties affecting
the cross section. To obtain central values and PDF un-
certainties we use the Monte-Carlo replica method fol-
lowing the PDF4LHC recommendation [67]. All other
uncertainties are computed with a fixed PDF set, namely
the zeroth member of the PDF4LHC15 nnlo mc set. The
QCD scale uncertainty is estimated by varying µr and µf
as described in the previous paragraph. We also include
an uncertainty reflecting the fact that currently there are
no N3LO PDF sets available. The estimate of this un-
certainty was obtained following the recipe introduced
in Ref. [17]. The bottom quark mass is affected by an
uncertainty of +0.04−0.03 GeV [66] and we display the result-
ing uncertainty of our cross section. A more detailed
discussion of the uncertainties, including a more compre-
hensive study of the impact of different PDF sets, will be
presented in Ref. [68].
S [TeV] σbbH [pb] scale PDF+αs mb N
3LO PDFs
7 0.174 +2.8%−3.0% ±9.2% +2.3%−1.7% ±3.9%
8 0.226 +2.8%−3.3% ±9.2% +2.3%−1.7% ±3.5%
13 0.542 +2.8%−4.6% ±8.5% +2.3%−1.7% ±2.5%
14 0.614 +2.8%−4.8% ±8.5% +2.3%−1.7% ±2.3%
27 1.70 +3.0%−6.6% ±7.7% +2.3%−1.7% ±1.2%
100 9.20 +3.7%−10.% ±6.8% +2.3%−1.7% ±0.76%
TABLE II The hadronic bottom-quark-fusion Higgs
boson production cross section at various centre of mass
energies. For a description of the uncertainties, see main
text.
COMMENT ON THRESHOLD EXPANSIONS
Let us comment on the value of the N3LO cross sec-
tion and how it compares to results obtained by approx-
imations based on incomplete calculations at N3LO. In
particular, the contribution to the cross section when the
Higgs boson is produced at threshold and all QCD radia-
tion is soft corresponds to the limit z → 1. In this limit,
the cross section develops large logarithms, which can be
resummed to all orders. In Ref. [61] the universal struc-
ture of the threshold logarithms was combined with the
three-loop form factor of Ref. [27] and the constant term
for Higgs production at threshold at N3LO of Ref. [41] to
obtain the analytic result for the partonic cross section
at N3LO at threshold (at threshold only the bb¯ chan-
nel contributes), and predictions for the inclusive cross
section were presented. We can use our exact result for
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FIG. 2 Convergence of the threshold expansion of the
N3LO correction for a hadron collider with centre-of-
mass energy
√
S = 13 TeV. The blue line serves as a
reference value and represents the exact N3LO correc-
tion. The red line corresponds to the value of the N3LO
correction if the partonic cross section is truncated at the
order indicated by the horizontal axis.
cross section at N3LO and confront it with the threshold
approximation.
Fig. 2 shows a comparison of the expansion of the par-
tonic cross sections around the production threshold of
the Higgs boson to our exact result after convolution with
the PDFs. To this end we performed a series expansion of
the partonic cross section around z = 1 and we study the
convergence of the threshold expansion in Fig. 2. We ob-
serve that, while the series stabilises after several terms,
the value of the cross section varies widely if only a few
terms are included. While it would be possible to influ-
ence the convergence of the threshold expansion by keep-
ing unexpanded some factors that dominate in the limit
z → 0, we find it hard to believe that any trustworthy
and precise prediction of the N3LO cross section can be
achieved based solely on the knowledge of a few terms in
the threshold expansion, let alone of only the value of the
cross section at threshold. This confirms earlier findings
in the context of Higgs production in gluon fusion, where
a similar convergence behaviour of the threshold expan-
sion at N3LO was observed [16, 17, 71]. Based on these
observations, we therefore believe that approximate cross
sections at N3LO based only on the knowledge of a few
terms in the threshold expansion are dangerous and may
lead to wrong conclusions about the actual size of the
N3LO corrections.
COMPARISON TO THE
SANTANDER-MATCHING
While the 5FS resums collinear logarithms to all or-
ders, it neglects power-suppressed terms of the order
5(mb/Q)
2, where Q is a characteristic hard scale of the
process. For the inclusive cross section typically Q ∼
mH , so that (mb/Q)
2 ∼ 10−3, and the 5FS is expected
to give reliable predictions. Nevertheless, it has been ob-
served that results in the 5FS at NNLO and in the 4FS at
NLO may differ substantially. However, this naive com-
parison is not satisfactory, because results in the 5FS at
NNLO and in the 4FS at NLO correspond to different
orders in perturbation theory. In particular, the 4FS at
NLO includes terms proportional to α3s which are not
captured by the 5FS at NNLO (see Tab. I). For this rea-
son various methods have been proposed to combine the
4FS and 5FS into a single prediction [11–15]. In this sec-
tion we present for the first time a comparison of the two
schemes that includes partonic cross sections consistently
computed through α3s.
We focus on the comparison to the so-called Santander-
matching (S-M) scheme [11], which is a pragmatic way of
combining the 4FS and 5FS computations into a single
prediction through a weighted average:
σS-Ma,b =
σ4FS,N
aLO + w σ5FS,N
bLO
1 + w
, (2)
where the weighting factor is w = log mHmb − 2.
Fig. 3 shows the inclusive cross section computed in
the S-M scheme compared to the results in the 5FS at
NNLO and N3LO. The values of the cross section in
the S-M scheme for (a, b) = (1, 2) have been obtained
from the reference values published in Ref. [72] based
on Refs. [10, 14, 65]. We see that the N3LO corrections
lower the value of the cross section in the 5FS, bringing it
closer to the results in the S-M scheme. Moreover, we see
that our N3LO results and the S-M results agree within
scale and PDF uncertainties. Since the S-M scheme is
a pragmatic, but very ad hoc, prescription, we do not
see any compelling argument to work with this scheme,
given that now the 4FS and 5FS are known to the same
order in the strong coupling constant and that power-
suppressed terms in the 4FS are expected to give small
contributions to the inclusive cross section.
CONCLUSIONS
We have presented for the first time the complete com-
putation of the inclusive cross section for the production
of a Higgs boson through bottom-quark fusion at N3LO.
We observe a substantial reduction of the residual scale
uncertainty and a good convergence of the perturbative
series, provided that the factorisation scale is set to a
small value around mH/4, in agreement with previous
studies. We have also compared the value of the in-
clusive cross section at N3LO in the 5FS to the S-M of
Ref. [72]. We find that the two results agree within un-
certainties. Since finite power-suppressed effects due to
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FIG. 3 Comparison of σS-M1,2 and the cross section com-
puted in the 5FS. The bands represent a linear sum of
PDF, scale-variation and bottom quark mass uncertain-
ties. For the 5 flavour scheme also an uncertainty for
the miss-match of the PDF order and the order of the
partonic cross section is included.
the bottom-mass are expected to give only small contri-
butions to the cross section, we believe that our result in
the 5FS provides the most reliable prediction of the inclu-
sive cross section of Higgs production to date, including
consistently all higher-order QCD effects through α3s.
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